Abstract-For a class of hybrid systems given in terms of constrained differential and difference equations/inclusions, we study the existence of control Lyapunov functions when compact sets are asymptotically stable as well as the stabilizability properties guaranteed when control Lyapunov functions exist. An existence result asserting that asymptotic stabilizability of a compact set implies the existence of a smooth control Lyapunov function is established. When control Lyapunov functions are available, conditions guaranteeing the existence of stabilizing continuous state-feedback control laws are provided.
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I. INTRODUCTION
Control Lyapunov functions have been instrumental in the design of nonlinear control systems. Pioneering work by Artstein in [1] shows that the existence of a control Lyapunov function is equivalent to stabilizability of the origin with relaxed controls. This observation lead to constructive designs of state-feedback laws for nonlinear systems, including Sontag's universal formula [2] , point-wise minimum norm control laws [3] , and domination redesign [4] , [5] ; see also [6] . Control Lyapunov functions provide a link between stabilizability and asymptotic controllability to the origin for nonlinear systems. In [7] , through the construction of a nonsmooth control Lyapunov function, it is shown that every continuous-time system that is asymptotically controllable to the origin can be globally stabilized by a (discontinuous) feedback law. Further results on existence and equivalences between nonsmooth control Lyapunov functions and asymptotic controllability appeared in [8] - [13] .
In this technical note, we consider control Lyapunov functions for hybrid systems given in terms of constrained differential and difference inclusions with inputs. We address two questions: 1) the existence of control Lyapunov functions when an asymptotic stability property holds and 2) the existence of continuous, asymptotically stabilizing state-feedback laws when a control Lyapunov function is available. To establish the former, in Section III, we exploit recent results on robustness of hybrid systems to show that asymptotic stabilizability of a compact set implies the existence of a control Lyapunov function with respect to the said compact set. The second result is in Section IV and pertains to the existence of stabilizing state-feedback laws for hybrid systems when a control Lyapunov function is available. We determine conditions on the data of a hybrid system that guarantee the existence of continuous state-feedback laws asymptotically stabilizing a compact set of the state space -see [14] for a motivation to stabilization of compact sets rather than simply the origin. The derived conditions reveal key properties under which such control laws exist and are expected to guide the modeling and 
II. CONTROL LYAPUNOV FUNCTIONS FOR HYBRID SYSTEMS
In this section, we define control Lyapunov functions (CLFs) for hybrid systems with data and given by (1) where the set is the flow set, the set-valued map is the flow map, the set is the jump set, and the set-valued map is the jump map. 
Next, we illustrate this definition (see [17] for another example 
The definition of is such that (2) holds with and for each . Next, we construct the set-valued maps and and then check (3) and (4 (3) and (4) hold with .
III. STABILIZABILITY IMPLIES THE EXISTENCE OF A CLF
For continuous-time nonlinear systems, standard converse Lyapunov theorems can be used to establish that asymptotic stabilizability of the origin implies the existence of a control Lyapunov function. A similar result holds for hybrid systems satisfying the regularity conditions given in Definition 3.1 below, for which converse Lyapunov theorems for hybrid systems are applicable. We consider hybrid systems under the effect of a state-feedback pair leading to the closed-loop hybrid system (9) with . The required regularity conditions on the data of the hybrid systems are stated next.
Definition 3.1 (Hybrid Basic Conditions):
A hybrid system is said to satisfy the hybrid basic conditions if its data is such that 3 (A1) and are closed sets; (A2) is outer semicontinuous and locally bounded, and is nonempty and convex for all ; (A3) is outer semicontinuous and locally bounded, and is a nonempty subset of for all . 3 A set-valued map is outer semicontinuous at if for each sequence converging to a point and each sequence converging to a point , it holds that ; see [18, Definition 5.4] . Given a set , it is outer semicontinuous relative to if the setvalued mapping from to defined by for and for is outer semicontinuous at each . It is locally bounded if, for each compact set there exists a compact set such that .
These conditions assure that hybrid systems (without inputs) are well posed in the sense that their solution sets inherit several good structural properties. These include upper-semicontinuous dependence with respect to initial conditions, closeness of perturbed and unperturbed solutions, among others; see [14] , [15] for details on and consequences of these conditions.
The following lemma is a straightforward consequence of continuity of the feedback pair and the regularity properties of the hybrid system. 
This establishes that condition (2) already holds. To show that (3) and (4) hold, note that, for every such that (13) 4 Note that, in particular, due to Lemma 3.2, satisfies the hybrid basic conditions when (A1')-(A3') hold and are continuous.
and, for every such that (14) Since asymptotically stabilizes on , conditions (13) and (14) hold for each and each , respectively. Then, combining (11) with (13) , and (12) with (14), we obtain Finally, using (2), conditions (3) and (4) hold with for all . It follows that is a control Lyapunov function with controls for .
Example 3.5 (Planar System With Jumps Revisited):
The hybrid system resulting from using, for each ,
in (5) is such that the hybrid basic conditions in Definition 3.1 hold. When , asymptotic stability of for the resulting hybrid system follows using (6) (which, as shown in Example 2.2, is a CLF for ) and Theorem A.4. Alternatively, when , this property can be established using the function and the invariance principle in [19, Theorem 4.3] (note that is not a CLF for the hybrid system (5).)
IV. EXISTENCE OF CLF IMPLIES STABILIZABILITY
When a CLF is available, the problem of the existence of a state-feedback law hinges upon the possibility of making a selection from the CLF inequalities (3) and (4) . It amounts to determining such that, for some positive definite , we have Below, we provide conditions under which stabilizing feedback laws that are continuous exist for hybrid systems. We consider hybrid systems with single-valued flow map, denoted , and jump map, denoted . Building from ideas in [3] and [6] for continuous-time systems, our approach consists of making continuous selections from a "regulation map." By insisting on continuous feedback laws, the stability of closedloop systems resulting from controlling hybrid systems with regular data is automatically robust [15] . To this end, we first establish conditions under which there exists a continuous feedback pair (practically) asymptotically stabilizing a compact set . Subsequently, we show that an asymptotically stabilizing continuous state-feedback pair exists under further small control properties nearby . When specialized to and , the assertions below cover the discrete-time case, for which results on the existence of continuous stabilizers do not seem available in the literature. 
A. Existence of Practically Asymptotically Stabilizing State Feedback
Since and are closed by (A1'), the set-valued maps and have closed values and the sets and are closed. Using these properties, the continuity of , the continuity of , obtained from (A2') and (A3'), and the continuity of , it follows that Then, we have
By Lemma 3.2, the closed-loop system resulting from using the state-feedback law in satisfies the hybrid basic conditions. Asymptotic stability of for follows from an application of Theorem A.4. Next, we establish the same result for . From the definition of CLF in Definition 2.1, since the right-hand side of (3) is negative definite with respect to (respectively, (4)) the state-feedback (respectively, ) can be extended -not necessarily as a continuous function -to every point in (respectively, ) while guaranteeing that the said Lyapunov inequalities hold. Then, asymptotic stability of for follows from an application of Theorem A.4.
Remark 4.3: Conditions R1) in Proposition 4.1 impose convexity of the flow and jump sets when projected onto the respective input spaces. The convexity property of in R2) is satisfied when the flow map is affine in the controls . The convexity property for in R2) requires convexity of the composition of with as a function of , which might be restrictive.
Example 4.4 (Planar System With Jumps Re-Revisited):
Consider the hybrid system (5) with replaced by (20) and replaced by . This hybrid system satisfies (A1')-(A3') in Lemma 3.2. The set-valued map computed in Example 2.2 has convex values and is lower semicontinuous at every since, for each , we have . Similarly, with as in (20) has convex values and is lower semicontinuous. Then, condition R1) of Proposition 4.1 holds. The function in (6) is a control Lyapunov function for this new system with defined at the end of Example 2.2. The smoothness of , , and , and the closedness of (the new) and imply that and are upper semicontinuous. Moreover, and are convex functions of and , respectively. Then, condition R2) in Proposition 4.1 holds, from where asymptotic stabilizability of by continuous feedback for follows.
B. Existence of Asymptotically Stabilizing State Feedback
The result in the previous section guarantees a practical stabilizability property. For stabilizability of a compact set, extra conditions are required to hold nearby the compact set. For continuous-time systems, such conditions correspond to the so-called small control property [2] , [3] , [5] . To that end, given a compact set and a control Lyapunov function as in Definition 2.1, define, for each , the set-valued map 6 if if (21) , which, in turn, establishes that is uniformly attractive for the closed-loop system. Using R3) and R4), solutions to cannot leave from points in . Then, is forward invariant for the closed-loop system. Since, by Lemma 3.2, satisfies the hybrid basic conditions in Definition 3.1, the claim follows from Proposition A.5.
Checking the conditions in Theorem 4.5 require the construction of the set-valued maps in (21) using the system data. To illustrate this, we check that for the system in Example 4.4 satisfies R4) and R6) with . Forward invariance of the origin holds since solutions to remain at . From the definitions of and , we have for each , . Then, R6) holds since, by construction of , and, by the properties of , we have
C. The Common Input Case
When the input for flows and jumps are the same, i.e., ( ), a common continuous state-feedback law satisfying (18) 
V. CONCLUSION
Conditions for the existence of control Lyapunov functions and for asymptotic stabilizability of compacts sets were derived. The result on existence of a CLF relies on a converse Lyapunov theorem and only mild regularity conditions are needed. The stabilizability result imposes conditions needed for the application of Michael's selection theorem so that a continuous feedback pair can be extracted from the CLF inequalities -these conditions parallel those already reported in [3] and are the price to pay when insisting on continuity, which in turn, leads to robustness. Our results motivate research on constructive feedback laws as well as on connections between the existence of control Lyapunov functions and asymptotic controllability to a set for hybrid systems. 7 
APPENDIX

1) Results From Set-Valued Analysis: Corollary A.1: ([3, Corollary 2.13]) Given a lower semicontinuous set-valued map
and an upper semicontinuous function , the set-valued map defined for each as is lower semicontinuous. The selection theorem due to Michael [20] 7 The term "pre-asymptotically stable" in [21] is used to explicitly indicate the presence of maximal solutions that are bounded but not necessarily complete. The definitions of "asymptotic stabilizability" and "asymptotic stability" used here allow for such solutions, that is, we do not insist on every maximal solution being complete. 8 A compact set is uniformly asymptotically stable if it is stable (as in "S)" in Definition 3.3) and for each and there exist such that for any maximal solution to (23) 
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I. INTRODUCTION
Cooperative mobile robots have been utilized more and more often to carry out a growing variety of team tasks, such as environmental monitoring [2] , surveillance [3] , exploration [4] , pursuit and evasion [5] search and rescue [6] , and transportation [7] . One active research topic that arises in such robotic applications is the pattern-forming problem, where autonomous mobile agents are required to generate and maintain cooperatively desired geometric patterns that are useful for various team tasks [8] , [9] . In this line of research, significant efforts have been made on the development of distributed strategies guiding agents to form circle formations [10] ; in particular, the focus is how to lead the agents to distribute evenly on a given circle. In theoretical computer science, the so called semi-synchronous model developed in [10] has become popular and motivated quite a number of following works [11] - [13] . It has been proposed that the circle-forming problem can be decomposed into two independent subproblems: one is to guide the agents to move on a circle and the other to arrange them in positions evenly distributed on the circle. Among these works, it is usually assumed that the agents are i) oblivious, namely without memories about past actions and observations, ii) anonymous, namely not distinguishable from one another, iii) unable to communicate directly, and iv) can only interact through sensing other agents' positions. Later on, the circle-forming problem has been further studied in [14] in a complete asynchronous setting but requiring that all the agents can only move on a circle.
Research efforts have also been made in the systems and control community on the circle-forming problem [8] . For example, Marshall et al. have studied distributed control laws under which agents generate circular pursuit patterns [15] . There are still open questions that are motivated by the implementation of such control laws. For example, people want to know whether desired formations can be obtained in finite time instead of asymptotically; similar finite-time convergence questions have been addressed for consensus-type algorithms [16] - [18] . We have recently considered the scenario when agents are under locomotion constraints [19] .
The goal of this paper is to design distributed control laws that can guide a group of autonomous mobile agents that move on a circle to form any given circle formations. The spatial ordering of the agents need to be preserved to avoid collisions between agents, which makes the strategies more attractive when they are implemented in real robots. To be more specific, we consider a system consisting of multiple mobile agents modeled by point masses, all of which move in the one-dimensional space of a given circle. The agents are oblivious, anonymous, and unable to communicate directly; they share the common notion of being clockwise on the circle. Each agent can only sense the relative angular positions of its neighboring two agents that are immediately in front of or behind itself. Then the graph describing the neighbor relationships between the agents is always a ring [20] . After studying the performances of the control law that we propose to solve the formulated circle-forming problem, we further investigate its variation in the form of a sampled-data control law to meet needs from practice. In the end, motivated by our recent work [21] on finite-time convergence of consensus algorithms through linear time-varying feedback, we look into control laws that can guarantee that the agents form prescribed circle formations within any given finite time.
The main contribution of the paper is threefold. First, we study the circle-forming problem without the requirement that all the desired distances between neighboring agents are equal. Second, we take into account two requirements from real robotic applications about using sampled data and generating a formation within finite time. Third, we have identified and studied the order preservation property that is particularly useful to prevent collisions between agents. The paper is organized as follows. In Section II, we formulate the circle formation problem. Then we propose a distributed control law and analyze its performances in Section III. In Section IV, a sampled-data control law 0018-9286 © 2013 IEEE
